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OEMA A
Al.  Zelida 116, n mpdT KOV

A2,  XeAida 128. Zymue pePaimon apécmg petd to Bedpnuao.

A3. o) Adbog
B) Xwotod
v) Adbog

0) Xmoto

Ad. O oyvpopdg etvar Pevonc.
"Exovpe mv mpotaon: H ewova f(4)evog dlaotipatog A péoo pag cuveyois
Ko un otafepng cvvdptnong f eivol dStdoTna.
Av 1 f givon otofept} tote 10 f (R)eivor ohvoro pe éva pdvo otoryeio
(Lovocvolro).
Av dev givon otabepr) tote 10 f (R)eivon Sidotpa.
AMG 0 R =(—00,0)U(0,+00) Sev givar covodo pe éva ototyeio obte Sidopa,

AL EVOOT SLOGTULATWV.
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OEMA B
B1l. IlIpénet kot apkei: e —1>0. H tehevtaia givor dtadoyikd icodvvaun,
e >lo e >’ o x-1>0x>1.Apa, 4=(1,+=).
["a to svvoro TindV Bewpodpe v eicwon
y :f(x) Sy =1n(ex’1 —1) Sel-l=e e =1+e (1)
Enedn 1+e” > 0,1 (1) £xet Moon yio kabe y e R,
(1) x—1=n(l+e") < x=In(1+¢e")+1(2)
Enedn x >1 mpénet In(1+¢”)+1>1mov woynet yio kdbe y e R.
Apa, f(4)=R.

Inpeiowon: to chvoro Tip®v Oo pTopov Bpebet pe t Pondeta g
LLOVOTOVIOG KOl TV OVTIGTOL V0P

B2. Hovvapmon feivaan

’ 1 x—1
7(x) = (e

yvnoing adéovoal &
(2) &yovpe:
/! (x) :ln(l+e")+l,x eR.

Inueioon: H didmrta 6t f eivar "1-1" Ba propovoe va amoderybel pe
BonBeia Tov opiopo?.

,x € A. Zoumepaivoope 6Tin f elvan

)¢ KoL "1 —1" GVVERMDG avTIoTPEPETAL. ATTO TN GYESN

B3. ’'Eoto 6tivndpyet p € R1éto10¢ dote: £ (ln(ep’1 —1)) =p’—p+1(1).
Eneidn yvopiCovpe ot /' (f(x))=x,x€ 4,

(W)= (S (p))=p"—p+1= p=p"—p+1=(p-1) =0= p =1,4romo diotL
le A

B4. f_l(x):ln(l+e")+l,xeR.
H f eivar ouveyng oto [-11], wg GOpoiopa tov cuveydv ln(l + e") (ohvBeon
TV cuvey®V Inx,1+e") kot 1(otabdepn).

H f givon mapayoyioyun oto (—1,1) opoing og GOpoicpa mopayomyioipmy pe

(£ (@) =(im(1+e)+1) ==

-1,1).
ex’xe( ’)
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Ioybovv ot povmobécelg Tov Oewpfipatog Méong Twurg oto ddotnua[-1,1].
Yrapyet évag tovAdyiotové e (—1,1)tétoto dote:

Y _f*l(l)—ffl(_1) & _1n(1+e)+1_1n(1+e-1)_1
() ()= e - :

1

R G ) P VI

q @ 1:: @ z:_<:>

1+ef 2 1+¢° 2 1+ 2

20 =l+ef e =1 E=0.

f—

OEMAT

I'l.  f(x)=2x+2-2Inx-2=2(x—Inx)

aeoy Inx<x-1<x.To )
GLVAPTNONG g(x) =x=<lax, Ylpoxonter emiong aqueco amd ™ 0O€on g
YPOPIKNG TOPAOTOGH :Q h(x)=Inx.
e
oV 0<X givar f(x)<f(1)=0

2. o fx)>2x-3 < x> +2x-2xlnx—-3>2x-3
< x> =2xInx>0 & x-2Inx>0
Bewpole 11 cvvaptno” r(x)=x—-2Inx ,x>0

2 -2
r'(x)= ——:X—,x>0
X X

IMa x<2 , givon r'(x) <0 kot dpa 1 r etvon yvnoiog ebivovsa 6to (0,2]
IMa x>2 , gtvon r'(x)>0kat dpan r glvarl yvnoimg avEovsa 6To [2,+0)

H ouvveyng ovvapmon r oto onueio 2 moapovctdlel oAkd eAdyloto TO
r2)=2-2In2=2(Ine-In2)>0 Ko &pot r(x)>0

B. Oswpovpe 10 D=[1,+x)

Enedn| lim (2x—3) =+, eivor ko lim f(x)=+c0

X—>+00 X—>400
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‘Etot f (D):[f(l), lim f(x))=[0,+oo) KOl ENEWON TO 2020 € f(D) TPOPAVAOS LITAPYEL

X, Kol LAALoTO LOVAOIKOG, ooV 1 f elvan "1-1", dote f(x,)=2020

I'3. 'Eoto 1o onpeio M, (x,,f(x,))
H epomtopevn g C, oto M, &ivarn gvbeia (g):y—f(x,)=f(x,)(x—x,)

Eneon 0éhovpe va diépyetar and 1o onueio A(0,-2) TPEMEL Ko OpKeL
-2—f(x,)=—x,f(x,) < —2—(xo2 +2x, —2x, Inx, —3)=—xo (2%, —2Inx,) <

X2 —2x, +1=0 & (x,-1) =0 = x, =1

Onote, TPOKELTAL Y10, TNV EQPATTOUEVT

(0,1 eivon f(x)<0 TeAKA givor f(x)=0,
Y dootnpota (0,1) Ko (1,+o0)

I'4. Eneon oto (1,+0) elvar f(x)>0
v kBe x e(0,1)U(1,+x) . 7
Aol avalntodpe TG ROPUYOYISIUES GLVOPTNGES F TOL 1KOVOTOOUV TN
oedopévn oyéon aveé
dwtnpel otabepd MPOon o, 68 KAOE £va amd avTd.

Amo F*(x)=f*(x) 6T0\(0,1) elyar 1 F(x)=—f(x) N F(x)="f(x)
KOl 6TO (1,+00) glvor N F(x)=—f(x) 1| F(x)=f(x)
Omnote

f(x) av O0<x<1
f(x) av x>1

—f(x) av O0<x<1

=f(x) N F, (x):{ =—f(x)

—f(x) av x>1

ﬁ F1(X):{

f(x) av O0<x<1 ,

E ()= —f(x) av O0<x<1
—f(x) av x>1 N k=

N Fg(x):{ fx) av x>1

Ot F, xou F, elvan mapoymyloec.

Opwc, n ovvatnon F, 610 1 dgv givorl Tapaywyicun

a@ov lim (wjz lim (sz lim (szf'(n:z

x—1" Xx—1 -1\ x—=1 x—1" Xx—1

Kat lim (wjz lim (ﬂjz— lim (M):—m):—z

x—1+ XxX—1 x->1"\ x—=1 x—1" Xx—1
Evtelog 6pota kataAyovpe 0TL koM F, 6t0 1 dgv lval mapoymyioun.
Omndrte, vapyovv axpiPdg V0 TOPAYOYICIUEG GTO A GUVAPTNGELS F

o1 omoieg pdMmota givor Ko avtifetec.
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Al.
A’ 1podmog

[Ma kabe xe R, dpa kot Yo x=0 6mov ¥peloTEl, YOV UE:

') =f()=2e"= f"0)+ ()= f'(x) - f(x) =2 = (f'()+ ()= (') + f(x) =2¢" =

e (f')+f)'-e(f'()+f(x)=e 2" = e (f'()+ () '+ () (/' (D)+/(x)=2=

(e (S +f(x)'=(2x)' = e (f'(x) + f(x)) =2x +c,

yox=0etvar e ’(f'(0)+ f(0))=2-0+c=>12-1)=c=c=1.

Apa e (f'(xX)+ f(x) =2x+1= e (f'(X)+ f(x) = Rx+ 1) = e (f'(x)+ f(x)) =2xe™" +e** =
S @)+ () f(x)=x(e) +x'e = (" f(v)

yax=0eivar €’ f(0)=0-&""+¢c, = 1(-1)=c

B’ tpdmog
[Na k4Be xe R , dpa kot ylo x= :
S'x) = f(x)=2e" = f(x “f)=2e" e [ () +e fi(x)—e fl(x) e f(x) =2 =

(e "(X)+(e")' (%))~ (e 0)' f(x))=2¢" = (e f ()= (e /() = (™)' =
(/' ()= f(x)'=()' ()¢ f(x)=e" +c
Tox=0¢ivor e f'(0)—e" f(0)=e"’ +c=1-2—-1-(-)=1+c=>c=2

Apa exf'(x)—(ex)'f(x):ezx+23 exf'(x)—z(xex)'f(x) — ezxz_l_z :(f(;x)j :1+2672x :(x_efbr)v:>
e
fG)_ /()

e e
. +¢. Toax=0eva —==0-e""+¢=>-1=-1+¢ =¢ =0.

e e

Etor épovue ch) =x—e e ch) =e'(x—e)= f(x)=xe" —¢e "
e e

A2.

2x
Exovue f(x)=xe" —e " koir f'(x)=e¢ +txe' +e  =(x+1De" +e " =(x+1)e" + LY = %f“

e
Ocopodue ™ ocvvapmon h(x)= (x+1)e** +1,n omoia givar Topaywyicun 6to R og
ovvheon Kol pdEerg TopAyOyIcILOV 010 R cvvaptioewv, e
h'(x)=e™* +2e™ (x+1)=(2x+3)e’*. Xtov mivaka 7ov akolovOel @aiveroar 1
ouumEPLPOPE TNG cuvdptnong h wg Tpog ) povotovia Kot To aKPOTATO.
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X -0 —i + o0
2
- 0 +

==

4 O\ €A el

H ocvvdptmon h mapovoidlel oAkd eldyioto ot Béon x= —% ™V TN

o3 3_
h(—%):(—§+lje(2]+lz - 13+1:26 Lo

2e 2¢°

Enopévoc h(x)>0 yio k40e xe R, ondte Ax)

ocvveyng kat oto [0,1].
Eniong éyovpue f(O)f(l)Z—l(e

Bewpnpatog Bolzano

Y v ovvaptnon f 610
wote f(p)=0.
‘Etot 1 e€iomon f(x)=0 &ystpie’ tovAdyiotov piCa oto (0,1) dpa ko oto Rm omoia
etvar ko n povadukn apov N f eivon 1-1 oto R.

A3.

H ovvapmmon g eivar mopayoyiown oto Rog mpdéelc mapaywyicipov oto R
GLUVOPTNCEDV , UE

gx)=e" +(x—1)e"—e " =xe"—e " = f(x) . And6 10 A2, yvopiCovpe 601t N f yvnoing
avcovoa 610 R pe povadikn pila p petald 0 ko 1.

fy.avg

‘Exovpe yuo k00e x,x, ue x, <p<x, = fix)<f(p)<f(x,)= f{x)<0< f(x,). Ano
TOL TTPOTYOVUEVO TPOKVITEL O TOPOUKATM TIVOKAG LEAETNG TG GLVAPTNONG &:

X —00 0 p 1
+o0

g'=f - 0 +

g ™~ O0OA.&)L —v

210 dSdonua (—oo, p] M g elvar yvnoing ebivovca dpa 1-1. Zvvendg n Tpopavig pila
x=0 &ivatl n Lovad1K” 6To S1IGTNLA AVTO.

g r90
Eniong éxovpe 0<p = g(p)<g(0)= g(p)<0 (1).
[Moapatnpodue eniong 6tL g(1)=e' >0 (2).
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H ocvvdpmmon g eivar cvveyng oto R g moapaywyiowun oe avtd. Emopévmg eivar
ocvoveyng kotr oto [p,l1].Emiong, amd (1),(2) eivon g(p) g(1)<0. Apa woydovv ot
npobmobéoelg Tov Bewpruatog Bolzano yi v ovvéptnon g oto [p,1], emopévmg
VTLAPYEL TOLAAYIGTOV EVOG X, € (p,1) TéTO10¢ ote g( x, )=0.

‘Etol 1 e€icmwon g(x)=0 éyer o tovddyotov piCa oto (p,1) dpa kot 610 (p,+0)N
omoia efvar kot n povadchy agod 1 g eivar 1-1 610 [p,+0), ©¢ yvnoiog avéovou oe

avtd. Telkd Lowmdv 1 e&iomwon g(x)=0, extdg T Tpopavoig piloc x=0, &xet akpPmg
pio oKoOpa TN X=X, .

A4.

A’ 1pdmog

A@o¥ 1o onueio M Kwvelton eni g KapumOA
TOPACTOONG TNG GLVAPTNONG &, M TETAYH
sec dtvetar amd tn oyxéon
yO=gx(t)= y'(1)=g'(x(1)) x'(1), 1
Av gtvon £, >0 n {ntovpevn xp. ) criypn 10t Oa mpémer y'(¢,) = -2 pov/sec

H (1) yw t=¢, yiveton y'(t,
EYovue

—2 pov/sec=g'(x(t,)) 2 po g'ixi,)=-1 =

= f(x(t,)=—-1 = f(x(t,))=f(0) f:I; x(t,)=0 . Emopévog to {ntoduevo o cupPet
otav o M 9Bdcet otn Béon pe tetunuévn 0. Apod Eexva omd ™ Béon pe teTunuévn -
2 ko 1 teTunpévn €xel pubud petafoing 2 pov/sec, Ba etacel ot BEon mov TPENEL o€
1 sec amd Vv évapén g kivnong, dniadn ¢, =1 sec.

Me yprion tov svpupoiispov Leibniz:

b _dy dax Kot ywo t=17, etvon A &
dt dX dt dt t=t, d‘x x=x0=x(t0) dt t=t,
B’ 1pomoc

x'(t)=2=02t)" = x(t)=2t+c a1 apod x(0)=-2=c=-2. Emouévwg eivar x(t)=2t -2, t>0
Tote givar y(1) = g(x(t)) = (2t —3)e® ™ + e >

= y(O)=..=2(" 72 -2) - ¥ )= i) =21 (2t -2)

Tn ypovuc otrypn t=¢, etvan y'(z,) =21 (2t,—2)=-2

= 2£(2t,-2)=21(0)= f(2t,-2)= f(0) = 2t,—-2=0=>1, =1sec.
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